Abstract. We consider the Cauchy problem periodic in the spatial variable for the usual cubic nonlinear Schrödinger equation and construct an infinite sequence of invariant measures associated with higher conservation laws for dynamical systems generated by this problem on appropriate phase spaces. In addition, we obtain sufficient conditions for the boundedness of the measures constructed.
Introduction. Consider the Cauchy problem periodic in the spatial variable for the cubic nonlinear Schrödinger equation
iψ t = −ψ xx + 2κ|ψ| 2 ψ, x, t ∈ R, (1.1) Here i is the imaginary unit, t 0 ∈ R, ψ = ψ(x, t) is an unknown complex function, ψ 0 is a complex function periodic in x with the period A > 0 and κ = 1 or κ = −1. As it is well known, (1.1) supplied with condition (1.2) is formally a completely integrable Hamiltonian system possessing an infinite series of conservation laws Q n (ψ) which are real functionals quadratic with respect to the highest derivatives of the function ψ formally satisfying the property d/dtQ n (ψ(·,t)) = 0, n = 0, 1, 2,... (see Section 2) . Further, it is known that in the finite-dimensional case to any conservation law Q(p, q) of a Hamiltonian system of the kind dp(t) dt
where H(p, q) is a smooth real function, n is a natural number, and p(·), q(·) ∈ R n , there corresponds a family of invariant measures (IMs) with densities f (Q(p,q)) where f (·) is an arbitrary smooth real function. The problem we are interested in is whether this property is kept for the infinite-dimensional problem (1.1), (1.2) , and (1.3) , that is, whether conservation laws Q n (ψ), n ≥ 2, generate IMs, too. Some recent papers are devoted to constructing IMs for dynamical systems (DS's) generated by nonlinear evolution partial differential equations of mathematical physics such as a nonlinear wave equation or a nonlinear Schrödinger equation (NLS) (cf. [1, 2, 5, 6, 11, 16, 18, 24, 25, 26, 27, 28, 29] ). Formally, the early paper in this direction [1] does not contain the proof of the invariance of the measure considered in it. However, the invariance easily follows from the results presented in this paper. An IM for a physical system is considered in [6] . In [11] , an IM is presented for a problem periodic in the spatial variable for the nonlinear wave equation
Unfortunately, some details of the proof seem to be not completely satisfactory in this paper. In [24] , a result on IMs is presented for an NLS with a weak nonlinearity. Paper [26] contains an extension of this result to a nonlinear wave equation. In [27] , a construction of an IM is presented for an abstract DS such that a lot of "soliton" equations are reducible to that form. Simultaneously, a result for a nonlinear wave equation similar to the above-described was proved in [18] . In [2] , the results from [27] are reconstructed; the author established more careful proofs of results from [27] . All the above-indicated papers dealt with an NLS or a nonlinear wave equation (except [11] ) contain results on IMs under severe constraints for nonlinearities. So, the problem appeared how to extend this approach onto a wider class of nonlinearities. Treatments of this problem are made in [5, 16, 25, 28, 29] . In [5] , Bourgain, using his result from [3] on the existence of L 2 -solutions for the Cauchy problem periodic in the spatial variable for a one-dimensional NLS with the power nonlinearity κ|ψ| p−1 ψ, constructed a bounded IM for κ = −1 and 1 < p < 5. Similar results are contained in [16, 25, 28] (with 1 < p < 3 if κ = −1 and 1 < p < ∞ if κ = 1 in [25] ) but in these papers suitable results on the well-posedness of initial-boundary problems for equations under consideration are not proved and are contained as hypotheses. In further publications Bourgain [5] constructed also IMs for a multidimensional NLS and, in [5] , considered an IM for the Korteweg-de Vries equation. Papers [1, 2, 5, 6, 11, 16, 18, 24, 25, 26, 27, 28] (except [18] ) concern only with an IM associated with the concrete conservation law, the energy. At the same time, now it is known that certain evolution equations such as the Korteweg-de Vries equation or the cubic NLS possess countable sets of conservation laws and are formally infinitedimensional Hamiltonian systems. Therefore, since in the finite-dimensional case any conservation law of a Hamiltonian system leads to a family of corresponding IMs, the question naturally arises whether to higher conservation laws there correspond IMs in some infinite-dimensional cases. In [9] , this question is considered for a discrete system of Moser-Calogero particles. A construction of an IM corresponding to a higher conservation law for the sinh-Gordon equation is contained in [18] . In [29] , it is proved for the Cauchy problem periodic in the spatial variable for the Korteweg-de Vries equation that to any known conservation law of the kind 6) where n ≥ 3 is an integer, there corresponds an IM for a DS generated by this equation.
In the present paper, we continue the investigations began in [29] and present an infinite series of IMs for the problem (1.1), (1.2), and (1.3). This result is also reestablished (without proofs) in [30] . Now, we want to mention some applications of IMs. First, in [1, 6, 7, 8, 15, 16, 18] they are used for constructing statistical mechanics of systems described by certain nonlinear partial differential equations (in [7, 8, 15] , the problem of the invariance is not considered). Second, at the time when "soliton" equations began to be intensively studied, there arose a question known as the Fermi-Pasta-Ulam phenomenon (see [20] ) which, roughly speaking, consists in the stability according to Poisson of all trajectories of a DS generated by a "soliton" equation. If one has a bounded IM for that DS (so that the measure of the whole phase space is finite), then the Poincaré recurrence theorem gives a (partial) explanation of this phenomenon. In this connection, it is important to note that, due to the problem (1.1), (1.2), and (1.3) being completely integrable, the method of the inverse scattering problem may give a more complete information about the recurrence and other properties of solutions. For example, such investigations have been performed by McKean and Trubowitz [17] for C ∞ -solutions and Bourgain [4] for L 2 -solutions periodic in the spatial variable of the Korteweg-de Vries equation. In these papers, the almost periodicity of solutions is proved. At the same time, the author of the present paper does not know rigorous mathematical results implying the X n -recurrence of solutions of the problem (1.1), (1.2), and (1.3) given by Theorem 2.5.
Notation, preliminaries, and main results.
In what follows, by C, C 1 ,C 2 ,C , C ,... we denote positive constants. Everywhere t and x are real variables. We fix a positive integer n and A > 0. Let L 2 be the usual Lebesgue space consisting of complex functions u(x) of the argument x periodic with the period A, equipped by the scalar product
and the norm f = (f , f ) 1/2 . Let C ∞ be the set of complex functions u(x) periodic with the period A and infinitely differentiable. Let ∆ be the closure in the space L 2 of the operator −d 2 /dx 2 defined first on the set C ∞ . It is well known that ∆ is a nonnegative selfadjoint operator in the space L 2 . Further, let n be a nonnegative integer and let H n be the usual Sobolev space which is the completion of the space C ∞ taken with the scalar product
and the norm u n = (u, u)
x . Finally, consider a Banach space X with a norm · X and let I be a connected subset of the real line R. Then, by C(I; X) we denote the Banach space consisting of bounded continuous functions from I into X, with the norm u(t) C(I;X) = sup t∈I u(t) X . Now we briefly recall basic facts from the theory of Gaussian measures in Hilbert spaces (for details, see [10, 21] for some integer positive k and a Borel set F ⊂ R k . For a cylindrical set of the above kind let
Then, it can be easily verified that the set of all cylindrical sets is an algebra and that the function w is an additive measure on this algebra. In addition, w(H) = 1. Further, it is known (see [10] for proofs) that the assumption that the operator S is of trace class provides the countable additivity of the measure w on the above algebra of all cylindrical sets. Therefore, this measure can be uniquely extended onto the minimal sigma-algebra ᏹ containing this algebra. In fact, ᏹ is the Borel sigma-algebra in the space H (for proofs, see [10] ). The measure w considered on the sigma-algebra ᏹ is called a centered Gaussian measure in the space H. It is essential for us that any centered Gaussian measure is a Radon measure, that is, for any Borel set Ω ⊂ H and for any > 0 there exists a compact set K ⊂ Ω such that w(Ω \ K) < . Finally, the following result is also useful for us (for the proof, see [27] ). The problem (1.1), (1.2), and (1.3) can be rewritten in the equivalent real form for real functions u and v, where ψ = u + iv, as follows:
We suppose that ψ = ψ(x, t) is a solution of the problem (1.1), (1.2), and (1.3) infinitely differentiable with respect to x and t and (u(x, t), v(x, t)) is the corresponding solution of the problem (2.5). Let w 1 = ψ(x, t) and
We set
where ψ = u+iv and n = 1, 2, 3,.... Then, the statement is that the quantities L n (ψ) = L n (u, v) (here ψ = u + iv) are independent of t (see [22] ) (i.e., the functionals L n are conservation laws for the problems (1.1), (1.2), (1.3), and (2.5)). Let
where n = 0, 1, 2,.... Then, one can easily get from (2.6) and (2.7) that
where the functions q n are polynomials; in particular, they are infinitely differentiable.
In what follows, we write Q n (ψ) = Q n (u, v) and
for simplicity of the notation. Methods of investigation of the well-posedness of the problems (1.1), (1.2), (1.3), and (2.5) are proposed in a large number of articles (cf. [12, 14, 23] ). In our one-dimensional case (x ∈ R 1 ) these problems become essentially simpler. Now we formulate the result we need. Its proof is presented later.
Theorem 2.1. For any positive integer n and for any ψ 0 ∈ H n and T > 0 there exists a unique solution to the problem (1.1), (1.2), and (1.3) of the class ψ(·,t) ∈ C([t 0 − T ,t 0 + T ]; H n ). For any fixed t the function ψ 0 → ψ(·,t) is a homeomorphism as a map from
H n into H n . Further, f n 1 (f n 1 (ψ, t), τ) = f n 1 (ψ, t + τ) for all ψ ∈ H n and t, τ ∈ R where f n 1 (ψ 0 ,t) = ψ(·,t + t 0 ). In addition, the quantities Q 0 (ψ(·,t)),..
., Q n (ψ(·,t)) are independent of t (i.e., they are conservation laws).
Remark 2.2. Sometimes we call solutions given by Theorem 2.1 the H n -solutions of the problem (1.1), (1.2), and (1.3) (or (3.1), see further).
Let H n
Re be the subspace of the space H n consisting of real functions from H n and
Re be the Cartesian product of two samples of this new space. We equip the space X n by the usual scalar product
Then, we introduce a selfadjoint operator S n of trace class acting in the space X n by the rule
where
Take an arbitrary integer n ≥ 1 and let w n be the centered Gaussian measure with the correlation operator S n in the space X n . Now we can give the following new formulation of Theorem 2.1.
is an integer number. Then, for any T > 0 there exists a unique solution (u(·,t),v(·,t)) ∈ C([t 0 − T ,t 0 + T ]; X n ) to the problem (2.5). For any fixed t the function transforming
In addition,
.,Q n (u(·,t),v(·,t)) are independent of t for these solutions (i.e., they are conservation laws).
In what follows, we set w(x, t) = (u(x, t), v(x, t)) for an arbitrary solution (u(x, t), v(x, t)) of the problem (2.5). Not discussing various definitions of this concept, we accept that f n (w, t) is the DS with the phase space X n . We only remark that if there exists a bounded IM ν for this DS so that ν(Ω) = ν(f n (Ω,t)) for any t ∈ R and a Borel set Ω ⊂ X n , then the Poincaré recurrence theorem takes place for the introduced DS (for details, see [19, 27] ). (It should be remarked that, since the function f n (·,t) is a homeomorphism as a map from X n into X n , it transforms any Borel subset of the space X n into a Borel one.) For a Borel set Ω ⊂ X n let
Our main result is the following.
Theorem 2.4. For any positive integer n, µ
n is a Borel measure well defined in the space X n and it is an IM for the DS f n . In addition,
for all sufficiently large values R > 0 where
Thus, the sets D R can be taken for new phase spaces of the DS f n .
We remark that we do not study the question whether the measure of the whole phase space is finite, that is, if it is right that µ n (X n ) < ∞, but we present in Theorem 2.4 a weaker statement sufficient for our aims. The following result is a corollary of Theorem 2.4, Statement 1 from this section and the Poincaré recurrence theorem (see [19, 27] The set of points of the space X n stable according to Poisson is dense in X n .
Proof of Theorem 2.1.
We use standard methods of investigating the well-posedness of the Cauchy problem (1.1), (1.2), and (1.3) as in [12, 14, 23] . The idea of these methods is the replacement of the problem (1.1), (1.2), and (1.3) by the following abstract integral equation:
Here ψ(t) is an abstract unknown function defined in segments
where a, b > 0, with values in a functional space (to be interpreted as H n ). Formally, solutions of (3.1) satisfy the problem (1.1), (1.2), and (1.3). For a more complete information about relations between solutions of the problem (1.1), (1.2), and (1.3) and (3.1), see [14] . We accept the following definition.
Definition 3.1. We call solutions of (3.1) (generalized) solutions of the problem (1.1), (1.2), and (1.3).
We turn to proving Theorem 2.1. First, let ψ 0 ∈ H 1 , then the existence and uniqueness of a global (defined for all t ∈ R) H 1 -solution to (3.1) can be proved as in [12, 14] where the Cauchy problem (1.1), (1.2), and (1.3) is considered with initial data vanishing as |x| → ∞; in addition, it can be proved as in these papers that Q 0 and Q 1 are conservation laws for H 1 -solutions. The proof of the existence and uniqueness of a local H n -solution to (3.1), where n ≥ 2 is integer, repeats the procedure from these papers. So, we have that, for any integer n ≥ 2 and ψ 0 ∈ H n , there exist a > 0 and 
are maximal half-open intervals of the existence of H k -solutions of (3.1). For the above goal, it suffices to prove that T 1 = ··· = T n . The following estimate easily follows from (3.1):
where 
Proof. We use the known embedding theorem
which takes place for all g ∈ H 1 with C > 0 independent of g. Hence, using the func-
which implies that for any d > 0 there exists R > 0 such that Hence, the inequalities
take place for k = 2,n (here γ k (s) are positive continuous functions). Now the statement of Lemma 3.2 follows from inequalities (3.5) and (3.7).
So, the functionals Q 0 ,...,Q n are conservation laws for H-solutions of the problem (1.1), (1.2), and (1.3). Further, the inequality (n ≥ 1) 
is the solution of (3.1) with ψ 0 = ψ 0 . Finally, if ψ(t) is a H n -solution of (3.1) with ψ 0 = ψ(t 0 ) (here n ≥ 1), then for any
Therefore, the function ψ(t 0 ) → ψ(t) is a one-to-one transformation of the space H n for any fixed t, hence it is a homeomorphism because it is continuous with the inverse. The property f
follows from these arguments, too. Theorem 2.1 is proved.
4. An approximation of the NLS. In this section, we consider Galerkin approximations of the problem (1.1), (1.2), and (1.3). Here, among more or less standard results, we obtain certain statements crucial for us. These are Lemmas 4.4 and 4.5 and Proposition 4.7. In this section, all estimates with the use of the Gronwell lemma are made for t > t 0 . Estimates for t < t 0 can be made by analogy.
Let
where Consider the following sequence of problems: for all t for which this solution is determined. Therefore, for any positive integer m an arbitrary solution of the problem (4.2) can be continued onto the whole real line t ∈ R. Consequently, any solution of the problem (4.3) and (4.4) can be continued onto the whole real line t ∈ R. 2) ). 8) are conservation laws for the problem (4.2), that is, they are independent of t. In addition, they are continuous functionals in H n bounded on bounded subsets of this space. Hence, as above, due to the known embedding theorem for functions g ∈ H
Proof. First of all, one can easily verify that the functionals
where p ≥ 2, we have 
For k = 2,...,n we get from (4.12)
This inequality and (4.11) step by step lead to the statement of Lemma 4.1. where
ψ(·,t) is the solution of the problem (1.1), (1.2), and (1.3) given by Theorem 2.1 and ψ m is the solution of the problem (4.2).
Proof. We get from (3.1), (4.12), and Lemmas 3.2 and 4.1 Proof. First of all, obviously P m g ∈ C ∞ for any positive integer m and g ∈ H n .
Then, since Q n+1 is a conservation law for infinitely differentiable solutions of the problem (1. Proof. We have from (4.12) and Lemma 4.1 24) where l = n − 1 for n ≥ 2 and l = 1 if n = 1. This inequality step by step leads to the statement of Proposition 4.6.
The following statement together with Lemma 4.5 is used in the next section for proving Lemma 5.5 which is of principal importance for our proof of Theorem 2.4. 
We estimate the integral from the right-hand side of (4.27). We have 
Proof of Theorem 2.4.
There is an analogy between the proof of the invariance of the measures µ n presented below and proofs of the invariance of measures associated with the energy conservation law in [25, 26, 27] . One of the principal differences between our construction here and the approaches in the mentioned papers consists, in particular, in the fact that, unlike in [25, 26, 27] , in the present paper, generally speaking, the finite-dimensional measures µ m (see below) are not invariant for the corresponding finite-dimensional dynamical systems. All the information from the general measure theory to be used further is contained in [13] , for example. Then, we remark that all the results from Section 4 are valid for problem (4.3) and (4.4) with the corresponding reformulation. We fix an arbitrary positive integer n. Let
.. is the orthonormal basis consisting of the eigenfunctions of the operator S n in the space X n . Let L m = span{g 1 ,...,g 4m+2 } be the sequence of finitedimensional subspaces of the space X n (m = 1, 2, 3,...). In the spaces L m we introduce the following finite-dimensional Gaussian measures:
k ) dp 0 dq 0 ··· dp 2m dq 2m , (5.1)
w m is a centered Gaussian measure in the space L m for any positive integer m. We recall that the space L m is equipped with the topology generated by the norm of the space X n . Further, let w m (Ω) = w m (Ω ∩ L m ) for any Borel subset Ω of the space X n . We state that, with this definition, the measure w m becomes a well-defined Borel measure in the space X n . To prove this statement, it suffices to show that Ω ∩L m is a Borel subset of the space L m for any Borel set Ω ⊂ X n . Indeed, it is clear that the set of all subsets of the space L m of this kind is a sigma-algebra of subsets of the space L m which obviously contains all open subsets of this space. Therefore, it suffices to prove that is the minimal sigma-algebra of subsets of the space L m containing all open subsets of this space. Suppose that this is not right. Then, the Borel sigma-algebra 1 of the space L m is contained in the sigma-algebra and 1 = . Consider the set ᏺ of all Borel subsets A of the space X n such that A ∩ L m ∈ 1 . Then, it is clear that ᏺ is a sigma-algebra in the space X n which contains all open subsets of the space X n and is more narrow than the Borel sigma-algebra of this space. Thus, we arrive at a contradiction and, therefore, we have proved that Ω∩L m is a Borel subset of the space L m for an arbitrary Borel subset Ω of the space X n . 
for an arbitrary real continuous bounded functional Φ in the space H.
Remark 5.3.
A statement similar to Lemma 5.1 is presented in [27] ; here we make some additions to its proof from that paper.
Proof of Lemma 5.1. As it is proved in [27] , the sequence of measures {w m } is weakly compact in the space X n . In addition, for any cylindrical set M ⊂ X n we have w m (M) = w n (M) for sufficiently large numbers m.
Suppose that the sequence {w m } does not converge weakly to the measure w n .
Then, there exists a Borel measure w in X n , not coinciding with the measure w n , and a subsequence {w m k } of the sequence {w m } such that the sequence {w m k } weakly converges to the measure w . Further, since the extension of a measure, countably additive on an algebra, to the minimal sigma-algebra containing this algebra is unique (see [13] ), there exists a cylindrical set of the kind
where r is a positive integer and F ⊂ R 4r +2 is a Borel set, such that w (M) ≠ w n (M).
Then, due to the known property of Borel sets, there exists a sequence
Hence, we can accept that the cylindrical set M ⊂ X n is open. Take an arbitrary > 0 and consider a continuous functional
4r +2 and satisfying the following properties:
≥ where for an arbitrary set A ⊂ X n and g ∈ X n dist(g; A) = inf h∈A g − h n . It is clear that
At the same time, there exists > 0 such that each of the expressions
is smaller than |w (M) − w n (M)|/3. This fact contradicts (5.6). Thus, Lemma 5.1 is proved.
We introduce the following measures:
here Ω ⊂ X n are Borel sets). Since due to the representations (2.9) and (3.6) the functional Φ n (u, v) is continuous in X n and bounded on any bounded subset of the space X n , the measures µ m and µ n are well defined in X n .
With the following statement, we in fact establish a well-known property of weakly converging sequences of measures. For the proof, see, for example, [27] . t) ) is the solution of problem (4.3) and (4.4). One of the principal differences between the constructions in the present paper and in earlier papers [25, 26, 27] is that, unlike in [25, 26, 27] , in the present case the finite-dimensional measures µ m are not in general invariant for the corresponding DS f m . In this connection, we note that the following statement is crucial for us; it shows that the measures µ m are "almost invariant" asymptotically for sufficiently large numbers m.
Lemma 5.5. Let t ∈ R and Ω ⊂ X n be an arbitrary closed bounded set. Then,
Proof. We rewrite system (4.3) for coordinates
. Then, we get the following system of ordinary differential equationṡ
Therefore, according to the well-known result [19, 27] , the Lebesgue measure σ m in the phase space R 4m+2 is an IM for this DS (in fact, this is a well-known statement according to which the Lebesgue measure defined in the phase space of a finite-dimensional Hamiltonian system is an IM for this system). This easily implies that
for an arbitrary solution (p(t), q(t)) of (5.10).
Fix an arbitrary bounded closed set Ω ⊂ X n . Then, according to the above arguments, we have 
is a compact set, too, and
where dist(A, B) = inf u∈A;v∈B u − v n for any A, B ⊂ X n and ∂A is the boundary of the set A. Obviously α > 0. Due to Proposition 4.6 for any g ∈ K there exists a ball B r (g) = {h ∈ X n | g − h n < r } ⊂ Ω with a positive radius r such that
for all h ∈ B r (g) and for all m. Let B 1 ,...,B l be a finite covering of the compact set K by these balls. Let Ω Remark 5.8. As it was noted in the introduction, an IM for the NLS generated by the conservation law Q 1 is constructed in [5] , for example. Here, we presented IMs generated by the conservation laws Q n where n ≥ 2. The question is left open whether there is an IM associated with the conservation law Q 0 . As one could observe from our considerations, to any conservation law Q n (n ≥ 2) there corresponds an IM on the phase space H n−1 . Therefore, it seems to be probable that such an IM could exist on a phase space like H −1 . However, since the well-posedness of the problem (1.1), (1.2), and (1.3) in a similar sense seems to be open and very difficult, we could not make a construction like that.
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